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Abstract. The space POVM-h(X) of positive operator-valued probability 
measures on the Borel sets of a compact (or even locally compact) Haus- 
dorff space X with values in BiT-L), the algebra of linear operators acting on 
a d-dimensional Hilbert space "H, is studied from the perspectives of classical 
and non-classical convexity through a transform F that associates any positive 
operator-valued measure v with a certain completely positive linear map V(v) 
of the homogeneous C*-algebra C{X) (X) B{'H) into BCH). This association is 
achieved by using an operator-valued integral in which non-classical random 
variables (that is, operator-valued functions) are integrated with respect to 
positive operator-valued measures and which has the feature that the inte- 
gral of a random quantum effect is itself a quantum effect. A left inverse Q 
for F yields an integral representation, along the lines of the classical Riesz 
Representation Theorem for linear functionals on C{X), of certain (but not 
all) unital completely positive linear maps : C{X) ® B{'H) — > B{'H.). The 
extremal and C*-extremal points of POVM^(X) are determined. 

Introduction 

The present paper is a mathematical contribution to quantum probabihty theory 
in the setting of finite factors of type 1^, the results of which can be understood from 
the perspectives of non-relativistic quantum mechanics and quantum information 
theory. 

A measurement of a quantum system is represented, mathematically, by a posi- 
tive operator- valued probability measure (POVM) v defined on a cr-algebra 0{X) 
of measurement events such that whenever a measurement is made with the system 
in state p, the measurement event E e 0{X) will occur with probability Ti{pv{E)) 
[5]. In this formulation, X is a locally compact HausdorfF space of measurement 
outcomes, 0{X) is a cr-algebra of Borel sets of X, p is a density operator acting on 
a separable Hilbert space "H, and Tr(-) is the canonical trace on the algebra B{'H) 
of bounded linear operators acting on "H. In practice, quantum measurements of 
an actual physical system are made by way of some apparatus and in such cases 
the sample space X is typically assumed to be finite. Consequently, a great deal of 
the literature on the mathematical aspects of POVMs deals only with finite sample 
spaces X. 

On the other hand, probability theory and its use in physics does not require the 
sample spaces to be finite. Moreover, in theory, a POVM defined on an arbitrary 
(perhaps infinite) sample space X corresponds to a physically realisable quantum 
measurement. Therefore, one of our primary goals is to approach the theory of 
quantum measurement under the assumptions that X be arbitrary. More precisely, 
we consider the fairly general situation in which the sample space X is a compact 
Hausdorfi^ topological space and the Hilbert space H has finite dimension d. While 
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this level of abstraction is in accordance with the generalities present in the ax- 
ioms for measurements of quantum systems, it is also useful in the mathematical 
analysis and interpretation of measurements of quantum systems with finitely many 
outcomes. It is not difficult to modify our work herein so that the assumption of the 
compactness of X be weakened to the requirement that X be locally compact, but 
the extension of our work from d-dimensional Hilbert space to infinite-dimensional 
Hilbert space is of a very different nature, which we do not intend to address herein. 

For a fixed sample space X, the set of all measuring apparata of a quantum 
system T-L is denoted by POVM-h(v'C). This is a convex set in which a (classical) 
convex combination of POVMs corresponds to a random choice of measuring appa- 
ratus. However, POVM-h(X) exhibits a stronger, nonclassical convexity property, 
namely that of C*-convexity, and we herein consider POVM-h(X) from both the 
classical and nonclassical geometric points of view. In C*-convexity, scalar-valued 
convex coefficients are replaced by operator- valued convex coefficients. Thus, a C*- 
convex combination of POVMs corresponds to a nonclassical (or quantum) random 
choice of apparatus. A set of C*-convex coefhcients corresponds to the noise (or 
Kraus) operators of a unital quantum channel. Thus, if a measurement v is ob- 
tained through a proper C*-convex combination of measurements i^i, . . . , i^„, then v 
is a coarser measurement than each of the Vj . Conceptually, a sharp measurement 
V is one in which the only measurements that are coarser than u are those that 
are (unitarily) equivalent to v. We shall show in Theorem 15.11 that this conceptual 
notion of sharpness coincides with the common notion of sharpness, namely that 
of a classical observable (or, in POVM terminology, a projection-valued measure) 

A further nonclassical development made herein is analytical. By taking the 
word "measure" in its literal sense, we show that for every v G POVM-u{X) one 
may define an operator- valued integral V for quantum random variables 
■0. This integral has the feature that the integral of a function whose values are 
quantum effects is again a quantum effect. Through the identification of the C*- 
algebra C{X) (g) B{7i) with the unital homogeneous C*-algebra of all continuous 
functions / : AT — > B{7i), we show that the map / i— >■ J-^ f di' is a unital completely 
positive (ucp) linear map (pi, : C{X) (g) S('H) — > B{'H). 

The representation oi v G POVM^(A) by a ucp map (t)^, is a function, which 
we call the F-transform, by which the space POVM-h(A) can be studied using the 
theory of completely positive linear maps [23]. Because of the noncommutativity 
of operator algebra, F is far from being surjective and does not preserve the affine 
structure of POVM>i(A); but F does have a left inverse Q, which is C*-affine. We 
endow POVM-h(A) with a natural topology in which POVM-^(A) is a compact 
space. Therefore, all quantum measurements are approximated by convex combi- 
nations of extremal quantum measurements. 

We analyse the extremal POVMs, using some earlier work in [9l [22] for the case 
of finite sample spaces, to obtain a nonclassical version of the classical theorem 
in probability that asserts that a probability measure is extremal if and only if 
its mass is concentrated at a point of the sample space. This result (Theorem 
14. ip can be found in the relatively recent literature [3 [8]; however, the approach 
we take here is rather different and adheres to our over-arching theme of using 
"quantum methods" for proving statements about quantum probabilities. Using 
nonclassical convexity |14[ I16j . we prove that every quantum measurement with 
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finitely many outcomes is a coarsening of sliarp measurements, and tfiat every 
quantum measurement witli arbitrary outcomes is statistically approximated by a 
coarsening of sharp measurements with finitely many outcomes. 



General references for POVMs and completely positive linear maps are [5l fT0l[20] 
and [23], respectively. 

1.1. Assumption. By X we denote a compact HausdorfF space and hy H a d- 
dimensional Hilbert space. Let {ei, . . . , e^} be an orthonormal basis for which 
henceforth is assumed to be fixed. For each i,j € {1, . . . ,d}, we denote by e.y S 
BCH) the unique operator that sends Cj to ei and all other ek {k ^ j) to 0. 

1.2. States, efTects, automorphisms, and POVMs. The real vector space of 
all selfadjoint operators acting on T-L is denoted by B{'H)sa and B{H)+ C B{H)sa 
denotes the cone of positive operators. The state space of H is denoted by S{H) 
and consists of all p E B{H)+ of trace Trp = 1. In particular, e G S{H) denotes ^1, 
where 1 G B{'H) is the identity operator. A quantum effect is a positive operator 
h E B{H)+ with the property that < A < 1 for every eigenvalue A of h. The set of 
quantum effects is denoted by EfF('H). By Ant{B{H)) we denote the automorphism 
group for the C*-algebra B{H). Thus, a G Aut{B{H)) if and only if there is a 
unitary operator u G B{'H) such that a{x) — u*xu for every x G B{'H). The 
cr-algebra of Borel sets of X is denoted by 0{X). 

Definition 1.1. A function u : 0{X) — > B{'H) is a positive operator valued proba- 
bility measure (POVM) on X if: 

(1) v{E) G Efl[(-H), for every E G 0{X)- 

(2) for every countable collection {Eu}ken C 0{X) with Ek C\ Ek' = for 
k' ^ k. 



where the convergence of the right hand side of the equality above is with 
respect to the weak operator topology of B{'H); 



If, in addition, i'{E) is a projection for every E G 0{X), then v is said to be sharp 
(or classical). 

In light of the correspondence between physical quantum measurements and 
mathematical POVMs, we shall frequent use the terms quantum measurement or 
quantum instrument for elements of POVM-h(A). 

The set of all positive operator valued measures on X with values in B{H) is 
denoted by POVM?^(V). We shall identify the space P{X) of Borel probability 
measures with the subset {fJ, ■ 1 : /x G P{X)} C POVM-u(X) so that we think of 
ordinary probability measures as scalar- valued POVMs. 



1. Notation, Terminology, and Assumptions 




(3) 



iy{x) = 1 G Bin). 



Definition 1.2. The support of G POVM-h{X) is the smallest closed subset 
K^C X for which j/(A \ if^) = 0. 
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If the support oi u E POVM-h{X) consists of a single point, say Ki, — {xq}, then 
is a Dirac measure and is necessarily of the form v — Sxo^, where G -P(^) 

satisfies, for E e 0{X), 5xo{E) = 1 if xq € -E and 6xo{E) = otherwise. 

li V E POVM-h(X) has finite support K^, = {xi, . . . , Xm}, then each hj = 

y{{xj}) 7^ and 

m 

V = ^5x^hj . 
i=i 

1.3. Completely positive linear maps of homogeneous C*-algebras. If X 

is compact, then the set C{X) of all continuous functions X — > C is a unital, 
abelian C*-algebra, and the C*-algebra C{X) ® B{H) is naturally identified with 
the homogeneous C*-algebra of all continuous functions f : X B{H). 
A linear map (p ■ C{X) (g) B{H) — > B{H) is completely positive if 

<P (g) idM, ■■ C{X) (g> B{H) (g)Mp^ B{H) (g) Mp 

preserves positivity for every algebra Mp of complex p x p matrices. A completely 
positive linear map that preserves the identity is called a ucp map (unital, com- 
pletely positive). Let 

\JCPn{X) = {0 : is a ucp map C{X)(E)B{n) B{H)} . 

Definition 1.3. A ucp map gxg G UCP-h(^) of the form 

feo(/) = /(a^o), feC{X)®B{H), 

for some fixed xq d X , is said to be spectral. 

The spectral ucp maps coincide with the ucp maps g G \JCP-u{X) that have 
the property g{fg) = g{f)g{g) for aU /, g G C{X) ® B{'H). Any two spectral ucp 
maps gxQ, gxi € UCP-h(A') are unitarily equivalent — that is, gx^ = ao gx„ for some 
automorphism a G Aut(S('H)) — if and only if xi = xq. Thus, the set 

Sp„(X) = {gx„ : xo e X} 

can be identified with the spectrum [TT] of the C*-algebra C{X) (g) B{H). 

Definition 1.4. A ucp map G UCP-h(A') of the form 

m 

for some xi, . . . , x„i G X (not necessarily distinct) and ti, . . . , G B{'H) is said to 
be elementary. 

The set of all elementary maps C{X)®B{H) — > B{H) is denoted by E^(X), and 
the set of all elementary maps / i—)- ^ f{^i)^j which each tj is a positive 

operator is denoted by E:^(A'). 

Thus, we have a heirarchy: 



Sp„(X) c E+(X) c E„(X) c UCP«(X) 
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1.4. Convexity and C*-Convexity. The sots POVM-h(X) and UCPh(X) are 
not only convex, but they are also C*-convex. To explain the nonclassical notion 
of C*-convexity, we consider an abstract context that will capture the nonclassical 
convexity of both POVM„(X) and UCPw(X). 

Let Y be a nonempty set and assume that Vu{Y) is the vector space (under 
pointwise addition and scalar multiplication) of all functions ( : Y ^ BCH). If 
zi,Z2 e B{n) and C e V-h{Y), then define 

0iC^2 : Y B{n) given by ziC{y)z2 G B{n) . 

This left and right multiplication of elements of V by elements oi B{'H) gives V the 
algebraic structure of a S('H)-bimodule. 

In particular, one may apply unitary similarity transformations to functions 

C : y B(n). 

Definition 1.5. Two functions (, (' G Vh{Y) are unitarily equivalent if Q' = u*(u 
for some unitary operator u G B{H). 

Definition 1.6. Assume that ai, . . . , dm e B{n) and Ci, . . . , Cm e Vu{Y). Then: 

(1) ai, . . . ,am € 'S(^) arc called C* -convex coefficients if '^j'^j ~ 

(2) a C* -convex combination of Ci, . . . ,Cm is a function C, : Y ^ B{'H) of the 
form ( = X^j^i '^jCj'^i: where ai, . . . , a™ € B('H) are C*-convex coefficients; 

(3) a proper C* -convex combination of Ci, • • • ,Cm is a function C : ^ ^ /B('H) 
of the form Q = ^jCj^j' where Oi, . . . , € BCH) are invertible C*- 
convex coefficients. 

Furthermore, a subset K c Vu{Y) is C -convex over B('H) if if contains all C*- 
convex combinations of its elements. 

The C*-convex sets of interest here are: 

(1) POVM-h(X), using Y = 0{X) in the definitions above; 

(2) UCPh(X), using F = X; and 

(3) ^niX), a C*-convex subset of \JCPu{X). 

Definition 1.7. If C VuiY) is a nonempty subset, then 

(1) the C* -convex hull of R is the set C*conv_R consisting of all elements of 
V-uiy) attained from all possible C*-convex combinations of elements of R, 
and 

(2) the proper C* -convex hull of R is the set C*convi? consisting of all ele- 
ments of V-uiY) attained from all possible proper C*-convex combinations 
of elements of R. 

Observe that C*convi? is itself a C*-convex set and that any C*-convex set is 
also a convex set (in the classical sense). With this formalism, we have 

Sp^(J!:) c E+(X) c E^(X) = C*-conv(Sp^(X)) c UCP-h(X). 

If is a C*-convex subset of V-uiY) and if C G then u*C,u S K for every 
unitary operator u S B{'H). That is, K is closed under unitary similarities. Fur- 
thermore, it is easy to show that every ( G K is a. proper C*-convex combination of 
elements unitarily equivalent to it. The C*-extremal elements oi K arc the ones 
in which this is the only way to represent C as a proper C*-convex combination of 
other elements of K. 
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Definition 1.8. An element C in a C*-convex subset K C V-h{Y) is a C* -extreme 
point if the only manner in which to express C as a proper C*-convex combination 
of Ci, . . . , Cm G ^ is by way of Q of the form Qj = u*C,Uj for some unitary operators 
Ml, . . . ,u„ e B{l-L). 

Let the sets of extreme points and C*-extreme points of a C*-convex set K C 
V-uiY) be denoted, respectively, by 

extif and G*ey±K . 

We have the following relationship between the two sets. 

Proposition 1.1. If K C Vh(Y) is C*-convex, then C*exti4' C exti^T. 

Proof. Assume that C G A' is a C*-extreme point and that C = A^i + (1 — A)C2 for 
some (,1X2 G K and some real number A € (0, 1). Set ai = VA 1 and 02 — Vl — A 1 
to obtain the proper C*-convex combination C, — ^jCj'^j- By hypothesis, (j = 

u*(^Uj for some unitaries mi,M2 G BCH). Fix yo & Y so that C(j/o) = Au*C(yo)"i + 
(1 — \)u2C{yo)u2- Because H has finite dimension, the operator algebra B{'H) is a 
Hilbert space with respect to the Hilbert-Schmidt norm |j • |j2. Hence, the equation 
Civo) = Au*C(yo)wi + (1 — A)u2C(2/o)u2 represents the vector Civo), which lies on 
the sphere of radius ||C(2/o)||2, as a convex combination of the vectors UiC(yo)wi 
and U2C{yo)u2, which also lie on the same sphere. Because the sphere of a Hilbert 
space contains no nontrivial line segments, the vectors u*C(yo)ui and U2Ciyo)u2 
must coincide with Civo)- As this is true for every i/q, we obtain Ci = C2 = Ci and 
so C is an extreme point of K. □ 

Returning now to POVM-u{X) and UCP-h(^), which are the C*-convex sets of 
interest to us here, we summarise below the current state of knowledge regarding 
the extreme and C*-extreme points of these sets. 

(1) For arbitrary X, the extreme points oi\JCP-}i{X) are deduced from a quite 
general theorem of Arveson [31 Theorem 1.4.2]. 

(2) For arbitrary X, the C*-extreme points of UCP-h(^) can be deduced from 
a theorem of Farenick and Zhou [ini Theorem 2.1]. 

(3) For finite X, the extreme points of POVM^(X) have been determined 
by Parthasarathy [55] and by D'Ariano, Lo Presti, and Perinotti [5], and 
for arbitrary X the extreme points of POVM-h(X) are characterised by 
Chiribella, D'Ariano, and Schlingemann in [3 [8]. 

(4) For arbitrary X, the extreme points and C*-extreme points of POVM-h(X) 
are determined in Theorems l4.1l and l5.1l of the present paper. 

2. Quantum Random Variables and Integration 

Definition 2.1. A quantum random variable is a function : X B{'H) that is 
Borel measurable in the sense that the complex- valued functions 

a; I— Tr {pip{x)) 

are Borel measurable for every state p E S{7i). 

Equivalently, : X ^ BCH) is Borel measurable if, for every pair of vectors 
^,ri € T-L, the complex-valued function x 1— >■ {ip{x)^, 77) is Borel measurable. Our aim 
in this section is to define, using the procedure set out in [IS], a positive-preserving 
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operator- valued integral ipdv for any Borel measurable function ip : X ^ B{'H) 
and any v e POVM-h(X). 

Every positive operator h € B{'H) has a unique positive square root h^^^. Thus, 
if ^/j : X — > yS('H) is a function for which ip{x) is a positive operator for every x € X, 
then V'^/^ : ^ ^ S('H) denotes the function 2p^/'^{x) = (V'(x))^/^ 

The following observation will be useful. 

Proposition 2.1. If ip : X B{'H) is a positive quantum random variable, then 
ij}^/'^ is a (positive) quantum random variable. 

Proof. Assume first that ipix) is positive and invertible for every x €: X. Because 
sums and products of scalar-valued measurable functions are measurable, if one in- 
vokes an iterative procedure to compute ijj{xy^'^ — such as the one in p21 Algorithm 
2] , which is a Newton- type iteration combined with a Cholesky factorisation — then 
for each state p e S{H) the function 



Tr 



is a pointwise limit of a sequence of measurable functions. Thus, ?/;^/^ is a quantum 
random variable. In the case where ipix) is not invertible for all x € X , then ip^^^ 
is a pointwise limit of a; i— > {ip{x) + ^1)^^^ and, hence, is measurable. □ 

2.1. The Principal Radon-Nikodym Derivative. 

Definition 2.2. If 1^1,1^2 G POVM-h(A), then 1^2 is absolutely continuous with 
respect to i^i, denoted by 1^2 <Cac t^i, if V2{E) = for every E e 0{X) for which 
ui{E) = 0. 

If 1/ e POVM-H(Ar), then a probability measure n is obtained from v via 

(1) ^^{E) = for every E e 0{X) . 

d 

Because the trace functional maps nonzero positive operators to strictly positive 
real numbers, the measures fi and v are mutually absolutely continuous: /i 
and v <Cac 

Recall that {ei, . . . , Cd} is a fixed orthonormal basis of "H. Because i' <Cac each 
of the complex measures i^ij : 0{X) — )■ C, defined by Vij{E) = {v{E)ej,ei), has 
the property that Vij ^ac Z^. Hence, by the (classical) Radon-Nikodym Theorem, 

there is a unique — G L^(A", /i) such that 
a/i 



f d 

/ ^dM, for aU e OfX) . 



These scalar Radon-Nikoym derivatives give rise to an operator- valued Borel func- 
tion ^ : X ^ Bin) via 
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d 

Notice that for any ^ = ^ ^feCfc G 'H, 



fc=i 



Hence, for all ^ e H and E e 0{X), 

This proves that '^i^) is a positive operator for /i-almost all a; e X; for such x 
f dv \ 

let ( ^(^) ) denote the positive square root (in B{'H)) of the positive operator 
dv , ^ , „ ( dv\^^^ „,„,s , ( dv 



— [x). Now define — : X ^ B{n) to be [ —(x) ] at those x G X for 
a/i \di^ J ydfi J 

which — (x) is a positive operator, and zero otherwise. 
d^ 

Definition 2.3. If e POVM^(X) and if ^ e P{X) is the induced classical 

probability measure defined in ([T|), then the Borel function — defined in ^ is 

a/i 

called the principal Radon- Nikodym derivative of v. 

Unlike the classical case, whenever d > 1 the principal Radon- Nikodym deriva- 
tive of V depends on the pre-selected choice of orthonormal basis {ei, . . . , ed] of T-L. 
If one had chosen a different orthonormal basis, say {e'l, . . . , e'^}, then the resulting 
principal Radon-Nikodym derivative computed in this new basis is simply that of 
a o i> in the originally selected basis, where a is the automorphism induced by the 
unitary operator that transforms the basis {e'^, . . . , e'^} to the basis {ei, . . . , erf}. 
The following proposition is even more general. 

Recall that a unital quantum channel is a linear map E : B{'H) — > B{'H) such 
that 8 is unital, completely positive, and trace preserving (that is, Tr o £ = Tr). 
Note that £ov e POVM«(X) for every v e POVM«(X). 

Proposition 2.2. Assume that v e POVM-h(X) and that £ : B(n) B(n) is a 
unital quantum channel. Let fi'^ and he the probability measures induced by v 

and £ o V in accordance with ([T]). Then there is a fi (li P{X) such that 

(1) fJ," ^ H^"" and 
d/i d/x 

Proof. The channel £ is trace preserving, so for any E E 0{X) 

f,£o.{E) = iTr(£(Ki?))) = ^Tr(Ki?)) - t^-{E) . 

The desired measure is fi — fi^"" — fi" . 

Let a = 'Y^'l j=i ^ij^ij ^ B{'H) and consider a*i'a. If ii{E) ~ 0, then i^{E) = 
and a*v{E)a — 0; therefore a*i^a Fix i,i and consider the (i, j)-coordinate 



CLASSICAL AND NONCLASSICAL RANDOMNESS IN QUANTUM MEASUREMENTS 9 



measure of a*i'a: 

d d 

1=1 k=i 

Since a*va we have M ^'^d so we may consider the Radon-Nikodym 

derivative 



d d 



dujij ( dvik\ f ^dv 

1=1 k=i 



Therefore, _ u*^^^ 

Consider the Kraus decomposition of the channel £: 

q q q 

^(y) = ^ o-*jyaj, y e B{n), where ^ a*aj = ^ a^a* = 1 . 
j=i j=i i=i 

By hnearity of the scalar Radon-Nikodym derivative, ^ — £ o □ 

2.2. Integrable Functions, li f,ip : X B{H) are quantum random variables 
such that 'ip{x) € B{'H)+ for all a: e X, then ij}^/"^ is measurable (Proposition 12. ip 
and, thus, the function ^^/^fip^^^ is Borel measurable. 

Definition 2.4. Assume that v £ POVM-h(X) and that — — is the principal Radon- 

dfi 

Nikodym derivative of v. 

(1) If / : X — > B{'H) is a Borel function, then / is said to be i/ -integrable if, for 
every state p £ S(H), the complex- valued function 

/.(.)=Tr(p (|(-))'''),-^^, 
is /i-integrable. 

(2) The integral of a z/-integrable function f : X B{H) is defined to be the 
unique operator acting on H having the property that 



Tr y / di^j = J fpdfi 

for every state p oiH. 

Example 2.3. The integral of an effect-valued function is an effect. 

To verify this claim, choose v S POVM-h{X) and let p be its principal Radon- 
Nikodym derivative. Assume that / : X — > Eff('H) is i/-integrable. Because < 
f{x) < 1 in B{'H)sa, for every state p G S('H) we have 

< f[.) < (^^(,)^ ^1/2 

for /i-almost all x £ X . Thus, for every p £ S{H), we have 

J,dp< J^Tr^p^)dp 

andsoO< I fdv< I ['^]dv^v{X) = l£B{H). <> 



X 



dp, 
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n 

Example 2.4. The principal Radon-Nikodym derivative of v = 6x^hj and the 

corresponding integral formula. 

Here, we assume that hi, ... ^h^ G B{'H)-i- are nonzero and satisfy hj = 1 
and that {xi, . . . ,Xn} is a set of n distinct points of X. The measurement v G 
POVM«(X) is defined by 

n 

i^{E) - EeO{X). 

If xe denotes the characteristic (or indicator) function of any measurement event 
E e 0{X), then 



and 



^ -E(^x{.,})/^. 



J^fdi. = Y,hff{x,)h]f\ 



for every Borel function f : X ^ B{H). (} 

2.3. Quantum Integration is a Completely Positive Operator. The fohow- 
ing theorem is the first main result of the present paper. To set the notation used in 
the proof, for any operator algebra A we let AidiA) denote the C*-algebra oi dx d 
matrices with entries from A. An element F € Aid{A) is a matrix F = [fkilt e=i 
of elements fte & A. 

Theorem 2.5. Ifv G POVM^(X), then there is a unital completely positive linear 
map 

(t)^ : C{X)®B{n)^B{n) 

such that 

Mf) = I fdiy, 



X 

for every f G C{X)(g)B{H). 

Proof. Choose u G POVM-h(^) and let /i be its principal Radon-Nikodym deriva- 
tive. Because H has finite dimension d, to prove that 0^ is completely positive it 
is sufficient to show that the linear function s^,^ : Aid {C{X) (E) B{H)) — C defined 

by 



34,^ {[fke]k,e) = -1 {4'u{fki)<ii,ek) 



k,i=l 

maps positive elements of Aid {C{X) ® B{H)) to nonnegative real numbers f531 
Theorem 6.1]. Note that G = [gkt\k,i G Md {C(X) (g> B(T-L)) is positive if, for every 
X d X , the operator 

d 

G{x) = [gki{x)]k4 e Md{B{H)) = BiU^C") = B{^H) 

1 

is positive. 

Thus, let F = [fki]k,i G Md{C{X) <S>B{H)) be positive. The principal Radon- 
Nikodym derivative is positive /it- almost everywhere, and so for /x-almost all x G X, 
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the operator matrix G{x) = K{x)'-^'^F{x)K(xy^^ is a positive operator acting on 
where K{x) is the diagonal operator matrix with diagonal entries ^{x). 

/ s 1/2 / N 1/2 

Therefore, the (fc,^)-entry of G{x) is guix) = [%{x)) fu{x) [%{x)) for 
/U-almost all x. In particular, with ^ = ei ® • • • ® € 0^ "H, we have 

d 

< {G{x%0 = Yl i9ki{x)ei,ek) 
k,e=i 

for /x-almost all x & X. Hence, assuming F = [fki\k,e € -Md {C{X) (g) B{H)) is 
positive, we deduce that 

= 1 f \ (9ke{x)ee,ek)] dn{x) 
> 0. 

That is, is completely positive. Lastly, because 



6^(1) = / Idv = u{X) = I, 
Jx 



IX 

we conclude that (/)^ is a unital map. □ 

2.4. The F-transform. We now formalise the association of G UCP?^(X) with 
e POVM^^(X). 

Definition 2.5. Define T : POYMn{X) \JCPn{X) by 

T{u) = . 

Because the definition of (j)^ (/) involves a square root of the principal Radon- 
du 

Nikodym derivative — , the transform F does not appear to possess any usable 

affine properties. However, we are able to say how T{i^) and F(!/') compare if p' is 
obtained from v via composition with an automorphism. 

Proposition 2.6. For every v e POVM^^(X) and a G Aut(;B('H)), the following 
equation holds: 

V{a ov) = ao T{v) o [idc{x) a""^] . 
That is, for every v e POVM^(X) and unitary u G B{'H), we have 



/ fd{u*uu) 
Jx 

for every continuous f : X ^ B{H). 



ufu* di']u. 

x 
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I I d(u*vu) ^dv 1 1 

Proof. By Proposition I2.2[ = u —u, where fi = — Tr o v — — Tr o ao v. 

d/i dfi d d 

Recall that / fd{u*vu) is the unique operator such that, for any state p e S('H), 
Jx 



X J Jx 



X 



d[i ) \ dp 



Tr I pu* [ ^) ufu* (1^) u) d^ 



Tr ( upu* ( ^ ufu*dh' 



Tr ( jOU* ( I ufu*dh' ) u 



Hence, y f d{u*h'u) = u* (^j ufu* di>^ u. □ 



If one were to seek a similar reformulation of Proposition 12.61 by replacing the 
automorphism a with a uiiital, invertible quantum channel E, then at a purely 
formal level one would anticipate that 

(3) T{8 ov) = £ oV{v)o[ldc[x)®£~'^]■ 

^ote, however, that such a formulation should not require to be completely 
positive, for if it were a requirement, then £ would be an automorphism ([IQj 
Corollary 2.3.2], [4j Theorem X.5]), which brings us back to the case of Proposition 
12.61 Whether equation ([3]) holds for arbitrary invertible unital channels £ remains 
open. 



2.5. Non-Principal Radon-Nikodym Derivatives. If h e B{H)+, then h^^ 
shall denote the unique positive operator for which kerft"^ = keih and h^^h = 
hh~^ = q, the projection onto the range of h. Thus, if h is invertible, then h^^ is 
the inverse of h. Once we have this notion for positive operators, a similar notion 
of generalised inverse for positive operator valued functions can be made. 

Theorem 2.7. The following statements are equivalent for vi, 1^2 G POVM-^(X); 

(1) 1^2 <ac vi; 

(2) there exists a bounded Borel function g : X ^ B{'H), unique up to sets of 
vi-measure zero, such that 



(4) 



V2{E) = / gdvi, for every E e 0{X) 

J E ' 
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// the equivalent conditions above hold and if Hj is the probability measure induced 
by Vj, then fj,2 ^ac ^J■l and 



(5) 



g 



df2 



di^i 



-1/2 



dv2 
dH2 



dvi 
dfii 



-1/2 



Proof. Assume that 1/3 <ac J^i- If Mi(£^) ^Tr(i^i(£')) = 0, then i^i{E) = 0. By 
assumption l'2{E) = and therefore fJ,2{E) = ^Tr(t^2(-E')) — 0, which proves that 
P'2 ^ac Ml- Therefore, for any E S 0[X\ we have 

v'^^''\e) = {v2{E)ej,e,) «ac {vi{E)e,,e,) = v^^''\e). 

Coordinate-wise we obtain v'^''^^ ^ac A*i- By applying the chain rule for the classical 
Radon-Nikodym derivatives we obtain 



dv, 



Hence, 



dni 

du2 
dfii 



dv2'''^ d^2 
dfi2 dfii 



dv2 d^2 
dn2 d^i 



where ^ : X ^ B{n)+ and ^ : X 
a/X2 d^i 



dvi 
d^ii 



1/2 



dvi 
dfii 



1/2 



With g as above, 



d^2\ dv2 



dfii J d^2 



Thus, for any state p and E e 0{X), 



Tt{ p gdvi = 



dvi 



dp 



1/2 



dvi 



dpi 



1/2N 



dpi 



Tr I — 

dp2 



dp2 

-J— dpi 

dpi 



Tr 



V dp2j 



dp2 



= Tt{pv2{E)). 

Therefore, by definition of the integral, V2{E) = I gdvi for every E G 0{X). 

Je 

Passing to the d^ coordinate measures and using the uniqueness of the classical 
Radon-Nikodym derivative, one deduces that g is unique up to sets of z/i-measure 
zero. 

Conversely, assume such a function g : X B{'H) exists such that 
V2{E) = / gdvi, for every G ©(X) . 

J E 

If vi^E) = 0, then V2{E) = g di^i = and thus 1^2 ^ac I'l- O 

The function 5 in ([5]) is called a non-principal Radon-Nikodym derivative of i>2 
with respect to 1^1. 
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3. Topology of POVM-h(X) 

In classical probability, P{X) is a weak*-closed subset of the unit sphere of 
the dual space of the abelian C*-algebra C{X). Hence, by the Banach-Alaoglu 
Theorem, P{X) is compact. In this section we introduce an analogous topology on 
POVM-h(X) so that it not only is a compact topological space, but also has the 
property that the POVMs with finite support are dense in POVM-h(^). 

Definition 3.1. Define : E-h(X) ¥OYMn{X) by 

(n \ n 

Proposition 3.1. The map Hq is C*-affine. 

n 

Proof. If (/) = ^ t*gxjtj, then 51o(0) — J2]=i ^xjt*tj. Let a G B{'H) and note that 
i=i 

n 

r2o(a*0a) — 6xja*t*tja — a*ilo{(j))a . 
i=i 

Thus, if 01, (j)rn G E-H and if ai, a„i G B{'H) are C*-convex coefficients, then 

Cm \ 'm 

^I't'k aA^Y. «fc^o(0fc) flfc e POVM„(X) , 
fc=l / k=l 

which completes the proof. □ 

We aim to show that fio admits a C*-affine extension to UCP-h(X). Before 
discussing the extension map, we will describe the topologies of \]CV-u{X) and 
POVM-^(X). Because topologies can be characterised by how nets converge, we 
begin with the BW-topology of UCP-h(-^) and use F to induce a topology on 
POVM«(X). 

Definition 3.2. (The bounded-weak topology) A net {4>-y}fe!v C UCP«(X) con- 
verges to e UCP«(X) if lim UM) ~ </)(/) II = for all / G C{X) ® B{H). 

7 

In the BW-topology, \JCP-u{X) is a compact space We use the topology 

of UCP-^(X) to induce a topology on POVM-^(X) as follows. 

Definition 3.3. A net {v^j^eA C POVM«(X) converges to G POVM-h(^) if 
/ fdv=^\im( fdv^ for every / e C{X) ® B{l-L) . 

Jx T Jx 

That is, I'-y — > if the net {r(i^-y)}^gA converges to r(zy) in UCP-h. 

Theorem 3.2. There exists a C*-affine function n : UCP-h(X) ^ POVM-h(X) 
such that 

(!) ^l\En{X) = ^0 and 
(2) o F = idpovM„(x)- 
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Proof. Wc first prove that E-h(X) is BW-dense in UCP-h(^). Because UCP-h 
is BW-compact and convex, the Krein-Milman theorem asserts that the convex 
hull of the extreme points of \JCP-h{X) is a dense subset of UCP-h(X). If g 
ext (UCP-h(X)), then there exist irreducible representations ttj : C{X) (E) B{H) — 
B{'Ht!-) and an isometry u : "H — > "Htt = ^jtj such that (j) — v*'kv and 

the linear map y i— >■ v*yv is one-to-one on the commutant A/" of tt (C(X) (g) B{H)) 
[21 Theorem 1.4.6]. Because dimH = d < oo, every irreducible representation 
TTj of C(X) (g) B{7i) takes place on a Hilbert space Htt, of dimension d and has 
the form tt — u*QxjUj, where g^^ G UCP-h(^) is spectral and Uj : 'Htt, — > H is 
unitary. Because T-L.^^ and H are of dimension rf, we may assume without loss of 
generality that "Ht^. = % for every j, whence tt^ = Uj o g^,^ for the automorphism 
Uj £ Aut{B{'H)) given by aj{z) — u*zuj. If qj G BCHtt) is the projection of 
onto the direct summand 'Httj = then with = MiQif G B{'H) we obtain 

m 

which is an element of E-h(X). Therefore, E^(X) contains the extreme points of 
\]GP-u{X). By the convexity of E^(X) and the Krein-Milman theorem we deduce 
that E«(X) is BW-dense in UCP«(X). 

Now assume that G UCP-h(-^) \ E-h(X). Thus, there exists a net {0^}^gA C 
Ew such that - </>(/) || ^ for ah / G C{X)®B{n). For each pair (i, j) let 

G C{X)* be given by 

{(t>i)ij{9) = {<f>'f{9'^e^j)ej,e^) 

for all g G C(X). Thus, 

d 

07 = ^ (07)ii (8) eij. 
« j=i 

By the classical Riesz Representation Theorem, there exists a complex measure v-y. . 
on the Borel sets of X such that 

(07)u (5) = / gdi^i,, for ah g G C(X). 
Jx 

Since 0(/) for all / G C{X) (g) i3('H) we have that {4>^)ij{g) 4>ij{g) for 

all g G C(X) and pairs (i, j). Therefore — > t'y . Define 

d 

!^ = ^ i^y (g) e^j G POVM-h(X) 

ij = l 

and let VL{(j)) = v. This is well defined as v is independent of the choice of approxi- 
mating net {07}. 

Let 01, (/),„ G \5CV-}i{X) and suppose that {^-y^j-y^gAj C E-f^(X) is an approx- 
imating net for 0^, for each j. Let A = Ai x • • • x A^, ordered as a directed set in 
the natural way. If ...,im G B{}i) are C*-convex coefficients, then with respect 
to the natural induced directed-set ordering on Ai x • • • x A„i, the ucp maps 




7=(7i,...,7m)eA 
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form an approximating net for Because flo is C*-affine, 

(m \ I m 



lim^i*f]o((/)^Jtj 

m 



which estabhshes the extension Vl of f^o- 



Observe that if = S^^hj, then il o r(j/) = i'. Suppose now that v e 

POYMfi{X) is arbitrary and let {<j)-y}j be a net in E-u{X) BW-convergent to r(z/). 
For each 7, let — so that iir{iyj) = i/^. As shown earlier, another realisation 
of v is via 

d 

J/ = ^ i/y (8) eij , 

i,j=l 

where Vij is attained in the dual space of C'{X) as a the limit of the net of measures 
induced by the linear functionals {4>-y)ij{g) = {4>{g ® eij)ej,ei). Thus f dv-, — > 
/ dv for aU / e C{X) ® BiU) and nT{v) ^v. □ 

Corollary 3.3. POVM-h(X) is a compact space. 

Proof. If {i^}-y is a net in POVM-h(X), then {Fj/^y}^ is a net in UCP-h(^). Because 
UCP-f^(X) is compact, there is a subnet {Tv^.}j which is convergent, say to 0. 
Thus, \i V = ^l(j>, then {iy^j}j converges to v. Hence, every net in POVM-f^(X) 
admits a convergent subnet, and so POVM-h(X) is compact. □ 

A consequence of the Krein-Milman Theorem and the proof of Theorem 13.21 is: 

Corollary 3.4. The set of all quantum measurements with finite support is dense 
in POVMh(X). 

Operators z acting on finite-dimensional Hilbert spaces JC admit polar decom- 
positions of the form z = u\z\, where \z\ = {z* z)^!"^ and u € S(/C) is unitary. (The 
unitary need not be unique if z is not invertible.) Therefore, 

n 

= XI l^jl ("j ° Q^o) 
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where tj ~ uj \tj\ is a polar decomposition of tj and aj e Aut(S('H)) is given by 
aj{z) — u*zuj. Thus, if G E^(X), we have F o r2o(0) = 
Let E+(X) denote the BW-closure of E+ (X) in UCP«(X). 

Corollary 3.5. (Riesz Representation Theorem) For every cj) G E^(X) i/iere is a 
unique v G POVM-f^(X) such that 

<t>if) = I fdy for every f G ® BiH) . 

Proof. Let ly ^ Qc/) so that Fi^ = Frj0 = 0. If i/' is another POVM for which 
T{iy') = (f), then i/' nVv' ^n(j) = v. □ 

4. Classical Randomness 
In this section we estabhsh the foUowing resuh. 

Theorem 4.1. The following statements are equivalent for v G POVM-^(X); 

(1) V is an extreme point o/POVM-h(^); 

(2) there exist distinct xi, . . . , Xm G X and hi, ... , h„i G B{'H)+ such that 

(a) the subspaces ran/ii, . . . ,ran/im are weakly independent and 

m 

(b) ly = ^(5:r,/ij . 

i=i 

In the case of finite X, Theorem 14. II is aheady known [SJIH]. Our contribution is 
to show that the case of arbitrary X reduces to the case of finite X (Lemmas I4.2l and 
I4.3p . However, for completeness, we include a full proof of Theorem 14. 1[ adapting 
the elegant arguments of D'ariano, Lo Presti, and Perinotti [9]. The concept of 
weak independence is defined formally below. 

Definition 4.1. Subspaces C H are weakly independent if, for any 

ti,...,tn G B{'H) such that (i) ran tj +rant* C Cj for each j, and (ii) + ...+t„ = 0, 
then necessarily each tj — 0. 

The remainder of this section is devoted to the proof of Theorem 14.11 and a 
discussion of some of its consequences. 

Recall that if ivT C X is a closed subset, then the cr-algebra 0{K) of Borel sets 
of K is given by 0{K) = {K Ci E : E e 0{X)}. 

Lemma 4.2. Assume K^, C X is the support of ly E POVM^{X). Then v G 
ext(POVM>^(X)) if and only if the restriction v\o(k^) of v to 0{K^) is an extreme 
point of POYMuiK^). 

Proof Assume that v G ext(POVM^^ (X)). Let 1^0,1^1,1^2 & POVM^^(ii'^) and such 
that ^ = //o = + 1^2)- Define i)^ : 0{X) BiH) by i)j{E) = iyj{EnK^) 

for all E G 0{X), to obtain i>j G POVM-^(X). Because is the support of v, 
v{E) — v{Ef}K^) for aU E G 0{X); thus, v = \{vi + V2), and so v = vi — i>2, and 

so 1^0 ^ 1^1 = V2- 

Conversely, assume that = '^\o(k^) extreme point of POVM^(Xi,). Let 

1, = i(zyi + V2) for 1^1,1^2 G POVM«(X). U E £ 0{X) satisfies iy{E) = then 
= i^{E) > \vj > implies that Uj = 0. Thus, i^j i^- If we show that 
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the support of each Vj is contained in the support of then we conclude that 

Vl = V2 = V. 

Thus, it remains to prove that if € POVM-^(X) is such that w <Cac then 
C Ky. To this end, let U = {X \ K^) f] {X \ K^), which is open, and let 
K = {X\U)nK^, which is closed. Thus, 

uj{X \K)=uj{UU{X\ K^)) < uo{U) + uj{X \ K^) = uj{U). 

Now since U C X \ K^, we have v{U) < v{X \ K^) = 0. Thus, uj <Cac v implies 
that uj{U) = and so uj{X \ K) ^ 0. Hence, K d and uj{X \ K) = which 
implies that K = K^^ by definition of support and by the above arguments. Hence, 
K^ = K ^ {X\U)r\K^^ {K^\J K^) n implies that C K^. □ 

Lemma 4.3. If v (z POVM-h(X) is an extreme point, then the support of v is a 
finite set. 

Proof. Assume, contrary to what we aim to prove, that the support of v is an 
infinite set. By Lemma 14. 2[ we may replace X with the support of i/, and so we 
assume without loss of generality that X = K^. The argument below is inspired 
by the proof of the main result of [12] . 

Let ^ = ^Tro 1/ and consider L^{X, /i). Because ji and v are mutually absolutely 
continuous, they have the same support X . Thus L^(X, ji) is an infinite-dimensional 
Banach space. 

Let Kij{x) = ^ '^'^^ ^ ~ ~ ^' ^^'^ 



Qo 



Tr 



1/2 



dv 



1/2 



P e S{n) 



Tr(p|) :peS(H) 



C Span{Kij : 1 < «, j < rf} . 

Let Q — SpanQo! thus, Q is a subspace of L^{X,^) of dimension at most d^. 
Because L^{X,p.) has infinite dimension, the annihilator of Q in the dual space 
L^{X,^)* — L°°{X,fi) has infinite dimension. Hence, there exists (p G L°°{X,ii) 

such that \\lp\\ = 1 and / Lp ip dfi = for all ^jJ G Q. Let $ = X]'i=i f ® ^jj'^ thus, 
Jx 

for any state p £ S('H), 



Tr 



X 



dfi ) ^ \dfi 



1/2 



dfi 



^Tr (^^P-^^ dp ^ 0. 



Hence, 
(6) 



= 0. 



X 



Define D : 0{X) B(H) by i){E) = het vi = v + v and V2 = v -v. 
Note that 

vi{E)= 1 d{v + v)= 1 dv+ j / {l + ^)du. 

J E J E J E J E 
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Since 1 -I- $ is positive for all a; G X, this final integral above is a positive operator. 
Likewise V2{E) is positive. Further, by equation (|6]), 



X 



+ />) = u{X) + ^diy^ v{X) + = 1. 



X 



Hence, i^i, G POVM-h(X) and i' — jVi + ^1^2- Since v (because (/? ^ 0), we 
have V i ext(POVMw(X)). □ 

We are now prepared for the proof of Theorem 14.11 using an adaptation of the 
arguments of the D'ariano, Lo Presti, and Perinotti [9 . Recall that we aim to prove 
that the following statements are equivalent for v e POVM-h(X): 

(1) is an extreme point of POVM-h(^); 

(2) there exist distinct xi, . . . ,Xn & X and hi, . . . ,hn € B{^)+ such that 

(a) the subspaces ran/ii, . . . , ran/i^ are weakly independent and 

n 

(b) V = ^5^,hj. 

Proof. Assume (P). Thus, v e ext (POVM«(X)). By Lemma we may re- 
place X with the support K^, of which by Lemma 14.31 is a finite set if i/ € 
ext (POVM-h(X)). Thus, without loss generality we may assume that X is a finite 

n 

set, say X — and that the support of is X. Hence, v = 5x^ hj. 

m 

Suppose that ii,...,i„ e B{H) satisfy tj — and rantj +rant* C lanhj for all 

1 < J < 'T-- Also assume, contrary to what we aim to prove, that not every tj is 
zero. If every tj is hermitian, then let gj — tj for all j and gk 7^ for some k; if not 
all ti, ...,t„ are hermitian, then there exists k with and in this situation 

we take gj = for all 1 < j < n. (The imaginary part of s G B{V.) is the 

hermitian operator 3(s) — ^(s — s*).) With this choice of operators gj, we have 

n 

rangj C lanhj for all 1 < J < fffc 7^ for some k, and g j = 0. For each j 
write "H = ker /i, 



ran /ij so that 




L 



and (7j = 




.9, 



where hj G S(ran/ij) is positive and invertible. (If hj itself is invertible, then we 
do not use a 2 x 2 operator matrix and simply take hj — hj.) Let 



l±eX\Xe\Ja{h;'/'~gfh;'/'' 
i=i 

where 17(2) denotes the spectrum of an operator z. Because is a finite set, there 
exists e > so that Z^ c (0, 00). Hence, 



hj ± egj 





^1/2/1 I ^-1/2- r-i/2Nri/2 
h/ {l±eh. g-jh. )h/ 
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which is positive by the choice of e > 0. Now let 7 — Sx^gj to obtain v ± G 

POVM-^(X). If i^i = + £7 and 1^2 ~ f — £7, then h'1,1'2 are distinct elements 
of POVM-^(X) and i/ is their midpoint, in contradiction to the hypothesis v £ 
ext (POVM-h(X)). Hence, it must be that all of the operators tj are zero, which is 
to say the ranges of hi, . . . ,hn are weakly independent. 

n 

Conversely, assume ([2])- Thus, v = 5xj hj for distinct xi,...,a;„ e X and 

i=i 

positive operators /ii, . . . , /i„ e B{'H) with weakly independent ranges. The support 
of V is given by K^, — By Lemma 14.21 v is an extreme point of 

POVM-^(X) if and only if v is an extreme point of VOYy[-}i{K^). Hence, we 
assume without loss of generality that X = Ky. If, contrary to what we wish 
to prove, V ^ ext (POVM^(X)), then in the real vector space W of countably 
additive functions v : 0{X) — > B{H)sa there exists e > and ^ G W such that 
= 1/ ± £7 e POVM-h(X). Therefore, there exist gi,...,gn € B{'H)sa such that 



7 



SxjSj and gfc 7^ for at least one k. Because 



1 = c.±(X) - ± £7(X) = 1 ± £^ g„ 



we obtain ^^5j = 0. And because uj^{E) G EfF('H) we obtain through evaluation 
at Xj that hj ± eg^ G B{'H)+. Now write H = ker/i^ ran/ij so that 





h. 



and 



9 J = 



V*j ~93 



where aj € B^kerhj) is hermitian and hj e y8(ranftj) is positive and invertible. 
Because hj +egj is positive, aj is necessarily positive. But hj — sgj positive implies 

that —Qj is positive. Hence Uj — 0. The positivity of hj + egj = 

[ ^Vj ^gj 

yields yj — 0, and so gj(, — for every vector ^ £ H for which hj^ = 0. That 
is, kerhj C ker^j and so ran^j C lanhj. We conclude that ran/ii, . . . ,ran/i„ are 
not weakly independent, contrary to hypothesis. Hence, it must be that no such 
function 7 exists, which is to say that is an extreme point of POVM-u{X). □ 

Corollary 4.4. If is an extreme point o/POVM^(X), then so is aov for every 
automorphism a ofB{%). 

Proof. One need only note that if u G B{'H) is unitary and hi, . . . ,hn G B{'H) are 
positive, then hi, . . . ,hn have weakly independent ranges if and only if u*hiu, . . . , 
u*hnU have weakly independent ranges. □ 

Although the function F does not exhibit affine properties, it does map extremal 
elements to extremal elements. 



Corollary 4.5. If v is an extreme point ofFOYM'u{X), then T{iy) is an extreme 
point of VCPniX). 
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Proof. Assume that i/ e cxt (POVMw(X)) and that 0^ = T{iy). Hence, by The- 
orem [5TTJ (f>i, — '^^=1 Qxjhy^ for some distinct xi,...,Xn £ X and positive 
operators ft,i,...,/i„ with weakly independent ranges. Each g^j is an irreducible 
representation of C{X) (g) B{'H) on H and, because the points xi, . . . ,Xn € X are 
distinct, no two irreducible representations and Qx^ corresponding to distinct 
points Xi and unitarily equivalent. By weak independence, every hj ^ 0; 

and by irreducibility each completely positive map (pj : C{X) (g) B(7i) — ^ B{7i) of 
the form 

, ,1/2 ,1/2 

(pj = h/ QxMj' 

generates an extremal ray of the cone of all completely positive linear maps C{X) (E) 
B{H) -> Bin) [2, Corollary 1.4.3]. Therefore, by Lemma 1.4.9], (j)^ = J2"=i 4>o 
is an extremal ucp map. □ 

5. NONCLASSICAL RANDOMNESS 

A convex combination X^JLi -^j^j '^^ ^ii---,i^m G POVM^(A') is a random 
POVM if one views the set {Ai,...,Am} of convex coefficients as a probability 
distribution. The notion of classical randomness enters quantum measurement 
through probabilistic (that is, convex combinations) mixtures of other quantum 
measurements. 

In nonclassical convexity, there are corresponding notions of randomness afforded 
by C*-convex coefficients. We mention below two sources of randomness. 

First, assume that a — {ai, . . . , am) is a tuple of C*-convex coefficients aj S 
B{'H). Because % has finite dimension, the subspaces keraj and kera* have equal 
dimension for each j. Hence, the isometry v : H ~^ ®j'=i ^ defined by 

extends to a unitary u € B 

(0jli^) [B Corollary 2.2]. Conversely, expressing 

any unitary u acting on ® Jli H as an m x m matrix of operators and by selecting 
the operators that appear in any single column of u, one obtains a tuple of C*- 
convex coefficients. Hence, by endowing the unitary group U (^^^=1 ^) with Haar 
measure, every m-tuple of C*-convex coefficients is determined by a random unitary. 

Second, if a = (oi, . . . , am) is a tuple of C*-convex coefficients, then a induces a 
quantum channel £a ■ S('H) — >■ S('H) via 

ni 

Conversely, every quantum channel induces a tuple of C*-convex coefficients. Hence, 
any source of randomness for channels (and there are many to choose from — see, for 
example, ^, §14.7]), is a source of randomness for nonclassical convex combinations. 

We earlier introduced the notion of a proper C*-convex hull C*convi? of a set R 
by using C*-convex combinations of elements of R using only invertible C*-convex 
coefficients. 

Definition 5.1. A coarsening of quantum measurements vi, . . . ,Vn G POVM^(A') 
is any measurement v e POVM-h(X) that satisfies 

u e C*conv({j/i, . . .,Vm}) ■ 
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The use of invertible C*-convex combinations in the definition of coarsening of 
measurements ensures that a certain level of information is conserved through the 
process of coarsening. 

We use the notation 

V <crsc {Vi,... 

7 } 

to indicate that v is a, coarsening of z^i , . . . , Vm ■ 

Definition 5.2. A quantum measurement v is fine if v ^crsc {i^i, ■ • • , i^m) occurs 
only if each measurement Vj is unitarily equivalent to v. 

Although the definition of fine measurement above appears to differ from the 
notion of sharp measurement defined earlier (Definition II .ip . the following theorem 
shows that the two concepts in fact are the same. 

Theorem 5.1. The following statements are equivalent for v G POVM-h(A'); 

(1) V is a C -extreme point ofFOYM-uiX); 

(2) is fine; 

(3) I' is sharp — that is, there exist distinct xi, . . . , x„ G X and pairwise- orthogonal 
projections gi, . . . , G B{'H) such that 

n 

i=i 

The equivalence of ([1]) and ^ in Theorem 15.11 is trivial, as the definition of 
fineness herein is precisely the definition of C*-extreme point. Some preparatory 
results are required to show the third equivalence. 

Via the identification of C{X) as a unital C*-subalgebra of C{X) ® B{H), each 
(j) G UCP-h(A') induces a ucp (j)'^ : C{X) B{V.) by way of restriction: 

(t^" = (t>\cix) ■ 

In particular, if g^g G \JCP-}{{X) is spectral, then g'^^ is in the character space of 
CiX). 

Definition 5.3. (The T'^-transform) For each G POVM-h(X) let TV denote the 
ucp map C(Ar) — > S('H) defined by 

Proposition 5.2. is properly C*-affine. That is, 

(m \ m 

for all vi, . . . , v„i G POVM^(A") all invertible C* -convex coefficients ti, . . . ,tm G 
B{n). 

Proof. Suppose first that v G POVM-h(A:) and that t G is invertible. We 

shall show that 

(7) Vievt) = t* {T''v)t. 

To this end, let pi = ^Tr o v, v — ^Tr o {t*vt), and jl = ^Tr o D. Clearly Jl M 
because jl <^ac v <^ac Conversely, if fL{E) = 0, then t*i'{E)t — and so v{E) = 
since t is invertible. Thus, ^ A- 
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For any tp £ C{X) and p G S('H), we have 



V'Tr ( pi*^t I dfl 



dfl J dfl 



X 



V'Tr f pr$^t I dfi 
X \ dfl ' 



Trip 



t*{ I i}}dv)t 

X 



Hence, ^ holds. 

Suppose next that vi.v^ & POVM^(X) and that Ai, A2 G M+ satisfy A1+A2 = 1. 
Let ly — Xi^i + \iV2^ and let p,p,i,fi2 & P{X) denote the induced probability 
measures. Hence, fij <Cac P for j — 1,2. Furthermore, for every -0 € C'(X) and 
p € S('H) we have that 



V-Tr ) dp 

X \ dpj 



Tr p 



X 



Ai / ^ 
Ix 



^ d/ii (ii^i ^ ^ ap2 (11^2 



dp 



dp + X2 [ ip 
dp Jx 



Tr ( — 

dp2 



dp2 
dp 



= Ai / VTrfp-^ ) dpi + A2 / V'Trfp-^ ) dp2 ■ 
V V dp2j 

Thus, r'=(Aii/i + A2i^2) = AiFVi + A2rV2. This fact together with (O implies that 



F'^ is properly C*-affine. 



□ 



A ucp map C{X) — >■ B{T-L) has, in principle, many different ucp extensions to 
C{X) (E) B{H). However, if a positive linear map (p : C{X) — B{H) has the form 

n 

(8) ^(.g)=^5(a;,>*fo, 

i=i 

for some distinct xi, . . . ,Xn £ X and C*-convex coefficients bi, . . . , b„ G B{'H), then 
the natural extension t{Lp) of tp from C(X) to C{X) ® B{H) is defined by 

n 

Observe that of ipi, . . . , ipm ■ C{X) — > B{H) are ucp maps of the form ([8]), then 



(9) e = ^^*e(¥.,)t, 

for all invertible C*-convex coefficients ti, . . . ,t„i E B{H). 
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A further direct consequence of the definition: if e POVM-h{X) has finite 
support, then 

(10) 17oeor'=t/ = 1^. 

We now turn to the proof of Theorem 15.11 



Proof. Assume i/ is a C*-extreme point of POVM-u(X). By Proposition ll.li i/ is 
necessarily an extremal POVM. Thus, by Theorem 14.11 there are distinct points 
xi, . . . , Xn € X and operators hi, . . . ,hn G B{'H)+ such that 

n n n 

v^^S^^hj, (j)^ = ^hy^g^^hy^, and 4>l^^g^xMj. 
Let ^ ^"IH and define vr : C{X) B{H^) by tt = 0"^^ g%^. Thus, ipl = 

1 /2 

w*nw, where w : Ti ^ is the isometry — ^. Let be the commutant 

of7r(C(X)). Because distinct, "Htt is generated by vectors of the 

form TT{tp)w£^, for ip S C{X) and ^ G H, and the commutant is given by 7W = 

ers(H). 

Suppose that (/i^J, = Y^^i ^fi^i is a proper C*-convex combination of ucp maps 
ipi : C{X) — > B{H). By the Radon-Nikodym theorem for completely positive maps 
[21 Theorem 1.4.2], for each i there is a positive contraction e AJ such that 
t*ipiti — w*aiTrw. Because Oi — a} for some a* € B{'H)+, we obtain 

n 

'^^ = E ^here 6} = (a})i/2/i^/^t-i . 

Pass to the natural extension and apply £7; that is, let 

n 

Observe that V^Vi = ipi and 



Because is a C*-extreme point, we obtain Vi = u*vui for some unitaries ui,. . . ,Mm 
in Bin). Now apply F'^ to obtain (p^ = u*4>i,Ui for each i. This proves that is 
a C*-extreme point in the space of all ucp maps C{X) B{'H). Because C{X) is 
abelian and Ji has finite dimension, all such extreme points are homomorphisms |141 
Proposition 2.2], [1^1 Corollary 2.2]. It is readily verified that (j>l is multiplicative 
if and only if each hj is a projection and hj'hj — hjhj> — for j' ^ j. 
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Conversely, suppose that is a projection- valued measure of the form v — 

n 

Qj for some distinct xi,...,x„ S X and pairwise-orthogonal projections 

qi,...,qn £ B{%). Suppose that v = ^ proper C*-convex combi- 

nation. Because ti is invertible, Vi (as we showed in the proof of Lemma 

I4.2p . which implies that Vi has finite support. Since is properly affine, 0^ = 
K't^vi^i- But because z/ is projection-valued, the ucp map : C(X) — )■ S('H) 
is a homomorphism and, hence, C*-extremal amongst all such ucp maps [14, Propo- 
sition 1.2]. Thus, there are unitaries ui, . . . , Um € B^H) such that 4>1^ — u*(/)^Ui for 
all i. Hence, 

/„ \ 

Ui = floeoVvi = il ^^u*qjgx^qjU.i = u*vui. 

Vj=i ) 

That is, is a C*-extreme point of POVM-h(^). □ 

5.1. Application: sharp measurements generate all quantum measure- 
ments through coarsening. 

Theorem 5.3. The C -convex hull of the C -extreme points of POVM-h(X) is 
dense in POVM^(X). That is, every quantum measurement is approximated by 
coarsenings of sharp measurements. 

Proof. The C*-convex hull of the C*-extreme points of POVM-h(X) is, by Theorem 
15.11 the set of all C*-convex combinations of sharp measurements. 

Select v £ POVM-h(^). By the Krein-Milman Theorem, there is a net {j^aja C 
POVM-^(X) such that each i/q is a convex combination of extreme points of 
POVM-^(X) and I'a ^ v. Therefore, it is sufficient to show that every extreme 
point of POVM-h(^) is a coarsening of sharp measurements. Recall that Lemma 
14.31 asserts that an extreme point v' of POVM-h(X) must have finite support; that, 

m 

is v' has the form v' — ^xj^j for some xi, . . . , Xm G X and hi, ... , /i,„ G ES{'H). 
i=i 

By way of the (sharp) scalar- valued quantum probability measures E i-^ Sxj{E)l 

m 

and the C*-convex coefficients Oj — h^^ we obtain v' = '^^a*dxjaj, which is a 

i=i 

C*-convex combination of C*-extreme points of POVM-h(^). □ 

6. Discussion 

Our use of the terms "classical" and "nonclassical" in this paper inherently refer 
to "scalar valued" and "operator valued." As noted by the referee, there is a highly 
nonclassical feature to what we are calling classical convexity. For example, a 
mixed state generally admits many distinct decompositions as a (classical) convex 
combination of pure states, a fact which is studied in great detail in [B] and lies at 
the heart of many of the difficulties in the interpretation of quantum mechanics [5] . 

Likewise, we use the term "quantum measurement" interchangeably with positive 
operator-valued probability measure. In this regard we are following a common (as 
in [3], for example) although not universal practice. A more refined terminology 
would use the term observable where we have have used measurement, the term 
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instrument for the next level in which the accompanying state changes are taken 
into account, and reserve the term measurement for the highest level in which the 
entire description of the measurement model is given. 

The integral representations afforded by the transforms F and D, are related 
to Fujimoto's cp-convexity |17j . However, Fujimoto's cp-convexity is possibly too 
abstract to yield results as specific as those of the present paper. A more concrete 
yet still nonclassical notion of convexity is that of "matrix convexity" [13l [24] . 
which is slightly more general than C*-convexity. If for each d E N one selects a 
d-dimensional Hilbert space Hd, then one defines 

POVM(X) = (POVM„,(X)),^j, , 

which is a matrix convex set. One may adapt the transforms F and to study 
POVM(X) by way of unital completely positive linear maps ip : C{X) ^B{Hdi) ~^ 
B{'Hd2) f*^'" arbitrary di,d2 G N. However, the Kreln-Milman Theorem in matrix 
convexity ^A^ does not extend to C*-convexity, making it necessary to establish 
Theorem 15.31 herein by direct methods. 

The transform F*^ is well known. In the setting of Hilbert space, a good discussion 
is in Davies's book [TU] — indeed. Theorem 4.1.2 of [XIT is especially relevant. A 
very general theory of F'^ is achieved by Ylinen's work on regular transformation 
measures [25 . Ylinen has not restricted his study to (finite-dimensional) Hilbert 
space as we have done; he considers, more generally, arbitrary Banach and dual 
spaces in his framework. 

To endow POVM^(X) with a natural topology, we have opted to make use of 
the transforms F and Vl rather than, as is done in [2^ , using the F'^ transform. Our 
main reason for this preference is because, in our view, F'^ is a hybrid of classical 
and nonclassical notions, whereas F is purely nonclassical. 

The concept of coarseness is an order relation on POVM-h(^) determined by 
quantum noise. In this regard, a fine measurement is maximal with respect to the 
order. There are other orders of interest, such as those related to cleanings [4] and 
smearings 121] of measurements and observables. 

We have focused upon the case of compact X, but if X is locally compact but 
not compact, then one may consider the abelian C*-algebra Cq{X) of all continuous 
functions A" — >■ C that vanish at infinity. Let X shall denote the one-point com- 
pactification of X. Thus, Cq{X) = C{X), the unital C*-algebra of all continuous 
functions A" — > C. The C*-algebra C(A") (g) B{H) is isomorphic to the unitisa- 
tion {Co{X) (g) B{H))"' of the non-unital algebra C{){X) (g) B{H). If a linear map 
(po : Co{X) (g) B{H) — > B{7i) is contractive and completely positive, then there is a 
unital completely positive (ucp) linear map : Co{X) (g B{H) B{H) extending 
(po- Conversely, every ucp map (j) ■ Co{X)®B{H) — > B{H) restricts to a contractive 
completely positive linear map (/)o : Cq{X) g) B{H) — > B{H). The set 

{0|Co(x)®B(«) I is a ucp map Co(X) g) BiU) B{n)^ 

plays the role of UCP-h (C(F) g) S('H)) for compact Hausdorff Y. Because the 
passage from X to A' amounts to nothing more than adjoining a unit to a nonunital 
C*-algebra, one can make slight reformulations of the results of the paper to cover 
the case of non-compact X. 

Finally, because optimisation of the outcome statistics of apparatuses often 
amounts to minimising a real- valued concave function defined on the space Eff('H) 
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of quntum effects, it seems appropriate to mention liere that there is a nonclassi- 
cal analogue, using the integral under study in the present paper, of the classical 
inequality of Jensen for convex functions. For every selfadjoint a e B{'H)sa with 
spectrum in an open inteval J C M, one may define a normal operator ^{a) G B{'H), 
for a function : J — > C, by functional calculus. Coupled with the Lowner ordering 
of selfadjoint operators, one has the notion of operator convex function. If J C M 
is an open interval, then a function i9 : J R is operator convex if 

■d [aa + (1 - a)b) < a?9(a) + (1 - a)'d{b) , 

for all a G [0, 1], aU selfadjoint operators a,6 G B{'H)sa with spectrum in J, and all 
finite-dimensional Hilbert spaces H. 

Theorem 6.1. (Jensen's Inequality in POVMs [15]) If J cM. is an open interval 
containing a closed interval [a,l3], and if k : X ^ B{'H) is a Borel-measurable 
function for which k(x) is hermitian and has spectrum contained in [a, /3] for every 
X € X , then for any v G POVM-h(X) we have 

d(^J Kdiy^ < J doKdu , 

for every operator convex function : J — > M. 

In the case where X is a finite sample space, Therorem 16.11 is the Hansen- 
Pedersen- Jensen Inequality [18]: for any C*-convex combination Ylp^i^jVj^j 
selfadjoint operators yi, . . . ,ym € B{'H) with spectrum in an open interval J, and 
for any operator convex function ■(? : J — M, the following operator inequality holds: 



yjOj < a*d{yj)aj 



7. Conclusion 

In this paper we have studied the structure of the set POVM-h(X) of quantum 
measurements of a quantum system (represented by a d-dimensional Hilbert space 
v.) whose possible measurement events is the cr-algebra 0{X) of Borel sets of a 
compact Hausdorff space X . The classical case occurs with d — 1 and reduces to 
the study of probability measures. In classical analysis, one may integrate scalar- 
valued Borel functions with respect to arbitrary probability measures; so doing 
produces a positive linear functional on the abelian C*-algebra C{X). Herein we 
have defined an integral so that one may integrate any quantum random variable 
against an arbitrary positive operator-valued measure, and this has been achieved 
in a manner by which one produces a unital completely positive linear map of the 
homogeneous C*-algebra C{X) ® B{H) into the I^-factor B{H). Conversely, we 
have shown that there is a subclass of ucp maps (j) '■ C!{X) ® B{H) — > B((H.) such 
that each induces a positive operator- valued measure v G POVM«(X). 

The transforms F and Vi allow one to move between POVM-h(X) and UCP-h(^). 
The transform VI is C*-afiine, which is sufiicient structure to topologise POVM^(X) 
using the BW-topology of UCP-h(-^) and to show that POVM-h(X) is a compact 
C*-convex space. We have described precisely the structure of the extremal and C*- 
extremal quantum measurements. The latter are precisely the sharp observables, 
while the former are certain positive operator-valued measures with finite support 
and which were determined for finite and arbitrary X by different methods in 
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some earlier works [3 13 El El]- As a consequence of the structure of extreme 
points and the Krein-Milman Theorem, every quantum measurement that one can 
perform in principle can be approximated by quantum measurements that one can 
perform in practice. That is, for every arbitrary quantum measurement v (with 
perhaps infinitely many measurement outcomes) there is a quantum measurement 
v' on a finite subsample space X' C X in which the measurement statistics of the 
subsample approximate those of the general measurement v. By the nonclassical 
Krcin-Milman Theorem (Theorem 15.31) , the approximate v' is a coarsening of a 
finite number of sharp measurements, each with measurement events 0(X'\ 
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